In the framework of inflationary cosmology I study the wave function for the matter field fluctuations in the infrared sector. These fluctuations are described by a coarse-grained field which takes into account only the modes with wavelengths much bigger than the size of the Hubble horizon. The case of a power-law expanding universe is studied. I find that the decoherence of the quantum state grows as ln[t]/t for late times. This fact is due to the time dependence of the parameter of mass, produced by the self-interaction of the inflaton field during the expansion of the universe.
I. INTRODUCTION
A standard mechanism for galaxy formation is the amplification of primordial fluctuations by the evolutionary dynamics of spacetime. The inflationary cosmology is based on the dynamics of a quantum field undergoing a phase transition [1] . The exponential expansion of the scale parameter gives a scale-invariant spectrum naturally. This is one of the many attractive features of the inflationary universe, particulary with regard to the galaxy formation problem [2] . They arise from the fluctuations of the quantum field which induces inflation, which is called inflaton. This inflaton field can be semiclassically expanded by the sum of its expectation value plus other field, which describes the quantum fluctuations [3] . The quantum to classical transition of quantum fluctuations has been studied with detail [4] .
The infrared matter field fluctuations are classical and can be described by a coarsegrained field which takes into account only wavelengths larger than the Hubble radius. The dynamics of this coarse-grained field is described by a second order stochastic equation, which can be treated by means of the Fokker-Planck formalism. This issue has been subject of a lot of work in the last two decades [5] [6] [7] [8] . Other approach is the quantum mechanical treatment for the coarse-grained field [9] . This treatment make a description of the fluctuations by means of the time dependent quadratic potential with a linear external stochastic force. An isolated system described by a Schrödinger equation cannot lose its coherence; a pure state always remains pure. However, it it is carse-grained, it may evolve from a pure to a mixted state. One way to realize coarse-graining is to let the system interact with an environment. The environment consists of all fields whose evolution we are not interested in. The state of the system is obtained by tracing over all possible states of the environment. Now, even if the state describing system plus environment is pure, the state of the system alone will in general be mixed. This is the case of the matter field fluctuations in inflationary cosmology, but here the system is given by the super Hubble modes (infrared sector) while that the environment is given by the short wavelength modes (ultraviolet sector). For a supercooled expansion of the universe the environment cannot be considered as a true environment because it is not thermalized.
Is well known that in a de Sitter expansion of the universe the quantum state for the coarse-grained field remains pure [9] . In this work I study a power-law expansion of the universe from the Schrödinger formalism for the matter field fluctuations in the infrared sector for a globally flat Friedmann-Robertson-Walker (FRW) metric.
The paper is organized as follows: in sect. II, I make a revision about the inflationary formalism. In sect. III, I study the general quantum mechanical formalism for the coarsegrained field, which describe the redefined matter field fluctuations in the infrared sector, i.e., on the super Hubble scale. In sect. IV, I study this wave function for a particular case of a power-law expansion of the universe. Finally, in sect. V, some final remarks are developed.
II. REVIEW OF THE INFLATIONARY FORMALISM
In a previous work [6] we justify the classical behaviour of the order parameter on the basis of a semiclassical approach. The inflaton field Lagrangian is:
for a globally flat FRW metric, ds 2 = −dt 2 + a(t) 2 d r 2 . The equation of motion that result for the scalar field operator is
and the Friedmann one, written as function of H =˙a a , is
where the overdot represents the time derivative and V ′ (ϕ) = dV dϕ . We decompose the scalar field as its mean value plus the quantum spatially inhomogeneous fluctuations, ϕ( x, t) = φ cl (t) + φ( x, t) with < φ >= 0, up to linear terms in φ. Hence, the equations of motion reduce to a set of two classical equations which give the evolution of the field φ cl and the Hubble parameter. To be consistent with the FRW metrics, we assume that φ cl is a homogeneous field, and thus we have:
where
is the vacuum energy density and one operatorial equation for the quantum fluctuations is
In this last equation H and V cl " are given by the equations (4) and (5), and both are functions of t. The characteristic timescale for the inflaton field can be defined by
The Hubble timescale is given by:
The number of e-folds in a given period of time is given by:
When the scalar field potential is sufficiently flat the field rolls to the minimum very slowly, and the following conditions are fulfilled
Mp [10] . At the end of inflation, when the scale factor stops accelerating, one obtains Θ(φ cl ) = 1, which determines φ end cl .
and
A solution to the horizon problem requires N c > ∼ 60, which in general implies that τ d > τ H . When that scale cross the Hubble radius, each length scale Ω c is associated with a unique value of φ cl denoted by writing Ω(φ cl ). This is given by [10] :
with a(φ cl ) = a e exp [−N c (φ cl )]. In this work I will study the inflationary dynamics without slow-roll conditions. The study of the quantum component is simplified if we redefine the φ with the map φ = e − 3 2 dt H χ. The equation of motion for the field operator χ is:
Thus χ can be interpreted as a free scalar field with a time dependent mass parameter. The field χ can be expanded in a set of modes ξ k (t)e i k. r :
where the annihilation and creation operators satisfy the usual commutation relations for bosons:
whereas the modes are defined for the equation of motion
with ω 2 k = a −2 (k 2 − k 2 0 ). The function k 2 0 (t) gives the threshold between an unstable infrared sector (k 2 < k 2 0 ), which includes only wavelengths longer than the Hubble radius, and a stable short wavelength sector (k 2 > k 2 0 ). We adopt the normalization condition ξ kξ * k − ξ * kξ k = i for the modes, such that the field operators χ andχ satisfy canonical commutation relations.
The coase-grained field that describes the super Hubble spectrum contains only the modes with wavenumber smaller than the Hubble's wavenumber k 0 . This field can be written as an Fourier expansion in terms of the spatio-temporals modes
where θ denotes the Heaviside function and ǫ ≪ 1 is a dimensionless constant. Note that we have neglected the term with − 1 a 2 ∇ 2 χ cg because in the infrared sector the following constraint is fulfilled: k 2 /a 2 ≪ k 2 0 /a 2 . The eq. (15) for χ cg can be written as
These noises arise from inflow of the short wavelength modes, produced by the cosmological evolution of both, the horizon and the scale factor of the universe.
III. WAVE FUNCTION FOR THE COARSE-GRAINED FIELD
The effective Hamiltonian related to eq. (19) is
where P cg =χ cg and µ 2 (t) = k 2 0 /a 2 . Hence, we can write the following Schrödinger equation
where Ψ(χ cg , t) is the wave function which describes the system. The probability to find the universe with the configuration (χ cg , t) is
where the asterisk denotes the complex conjugate. An elegant way to solve the eq. (23) is based on the use of explicitely time dependent invariants of motion for time dependent quadratic potentials. Such quantities had appeared is accelerator theory [11] but was first analyzed by Lewis [12] . I desire an invariant of the form
The time dependent coefficients A, B, C are determined by the condition that I(t) be an invariant
In order for I(t) to be an invariant, the following equations must be satisfieḋ
The equations (27) and (28) may be combined to givë
and, since
the only equation that we need to solve is (30). From eq. (28), the invariant now can be written as
In order for I(t) to be an Hermitian eperator, only real solutions of eq. (30) are admissible. The eigenvalue problem for this operator may be stated as
where the eigenfunction [13] Φ
satisfy the orthogonality condition
where the eigenvalues λ, are independent of time. Since the action of I(t) does not involve taking time derivatives, the function Φ λ (t) are always arbitrary up to a time dependent phase factor. Hence, we can define the eigenfuctions of I(t)
Differentiating (36) with respect to time, one obtains
The expression (37) can be written in terms of Φ λ (t) as
where α λ (t) comes from the solution of
The solutions of the time dependent Schrödinger equation are
The general solution Ψ(χ cg , t) can be represented as
where the coefficients η λ are
where t 0 is the initial time. In our case t 0 is the time when inflation starts, which, in Planckian unities, is taken as 1. I will take β λ (t 0 ) = 0, B(t 0 ) = 1,Ḃ(t 0 ) = 0, and C(t 0 ) = 0. With these choises one obtains
is the Fourier transform of the initial state, which, in the case of an squeezed harmonic oscillator, is
(45)
Here, σ is the width of the gaussian and P (0) cg =χ cg ( x, t 0 ). By setting z = P (0) cg − λ, the wave function becomes
where β z is given by
being
In our case χ cl = χ cg and P cl = χ cg such that
Furthermore, we can define the parameter
such that the wave function can be written as
where γ(t) is an arbitrary phase. Furthermore, can be verified that the expectation value of the effective energy in the infrared sector is
The contribution of quantum fluctuations to the energy is represented by the second, third, and fourth terms of (57). The fourth term describes the decoherence of the system, such that it is zero for coherent states and positive for decoherentized states. The parameter µ = k 0 /a depends on the cosmological model. On the other hand, the squared fluctuations χ 2 cg and P 2 cg are
(60)
IV. WAVE FUNCTION IN A POWER-LAW EXPANSION OF THE UNIVERSE
If the parameter of mass µ is time independent but the external classical force is nonzero, the solutions are coherent states [14] . This case corresponds to a de Sitter expansion of the universe, which was studied in a previous paper by Habib and Mijić [9] . In this work I am interested in studying the particular case of a power-law expansion of the universe in which the scale factor is a ∝ t p . In this case the squared parameter of mass is given by [6] 
where M 2 = 9 4 p 2 − 15 2 p + 2. Furthermore, the Hubble parameter being given by H(t) = p/t [6] . The condition to get an unstable sector is M 2 > 0, or p > (5 + √ 17)/3 ≃ 3.04. Hence, those equations which characterize the system arë
The general solution for eq. (62) is
which, for c 1 = c 2 = |c 1 |, result
. I adopt the Planckian unities, for which inflation starts at t 0 = 1. Hence, at t 0 one obtains
For B(t 0 ) = 1 andḂ(t 0 ) = 0, the constants assume the values |c 1 | = 1/4 and |1 − 4M 2 | = 4. Is very difficult to obtain exactly the functions R(t), U(t) and S(t). However, we can make the calculation for late times. For t ≫ 1, one obtains B(t)| t≫1 ≃ t 1/2 /2 and
This means that the decoherence function
in the expectation effective energy (58), will be
which increases with time. Replacing (69) and (70) in eqs. (59) and (60) one observe that both, χ 2 cg and P 2 cg also increase with time. This means that the redefined matter field fluctuations in the infrared sector (coarse-grained field) are decohered during inflation. The explanation can be stated as follow. During the expansion new and new modes cross the super Hubble horizon towards the infrared sector. This effect is viewed as a noise in the stochastic equation (19), and as stochastic force in the effective Hamiltonian (22). This means that the matter field fluctuations cannot be described as a closed system, because this sector is interactuating with the ultraviolet one.
V. FINAL REMARKS
In this work was studied the wave function for the coarse-grained field, which describes the redefined matter field fluctuations in the infrared sector for a globally flat FRW background metric. The Hamiltonian of the Schrödinger equation is described by a effective Hamiltonian. It has a quadratic contribution with a time dependent mass plus a effective stochastic force, which describes the "interaction" between both, ultraviolet and infrared sectors. However, this is not a true interaction in the sense of an thermalyzed environment. Here, continuosly new modes are crossing the ultraviolet sector increasing the number of degrees of freedom of the infrared sector. This effect produces diffusion for the coarse-grained field, but not decoherence. The lost of coherence of a, initially pure quantum mechanical state for the coarse-grained field is due to the time dependence of the parameter of mass µ(t). This effect is produced by the self-interaction of the inflaton field, which arises from the relative evolution of both, the scale factor and the size of the horizon.
In Heisenberg representation, the expectation value for the effective energy is given by both, classical and quantum contributions [see eqs. (57) and (58)]. This last, has a particular term [the fourth term in eq. (57)], which arises from the quantum decoherence of the system. In this framework, a power-law expanding universe was studied for inflationary cosmology. For late times, I find that the decoherence term increases with time. This fact is due to the time dependence of the parameter of mass µ(t) ∝ t −1 arising from the self-interaction of the matter field fluctuations.
